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I. INTRODUCTION 

During decades superfiuid turbulence remains in the 
focus of theoretical and experimental investigations of 
various superfiuids, in particular, 4 He, 3 He, and Bosc- 
Einstein condensates^^ Special attention was drawn to 
superfiuid turbulence at very low temperatures, where 
damping of turbulence by mutual friction is expected to 
be very small. Vinen's theory of superfiuid turbulence 
characterizes the turbulent vortex tangle by the length 
per unit volume C with dimensionality cm~ 2 . The length 
determines the distance between lines and their curvature 
radius both estimated by the scale Iq ~ Cr x l 2 . Despite 
the crucial role of quantum circulation in superfiuid tur- 
bulence, one may expect that it will not have any impact 
on turbulence at spatial scales longer than the typical 
intervortex distance Iq of the vortex tangle. Then super- 
fluid turbulence should not differ from classical super- 
fluid and must be described by the classical Kolmogorov 
cascade-. This was confirmed by a number of numerical 
and physical experiments starting from those done more 
than a decade ago^. The concept of the cascade is based 
on the assumption that energy pumped into a turbulent 
liquid at large length scales is transferred to very small 
scales without losses by means of the constant energy flux 
e in the space of inverse scales (wave numbers k). 

But the classical turbulence cannot extend to scales I 
shorter than the intervortex spacing in the vortex tan- 
gle. At scales Z <SC Zo it is natural to expect that the main 
mechanism of the energy relaxation (transfer to smaller 
scales of the vortex tangle) is Kelvin modes related with 
distortions of vortex lines. The energy flux transfers the 
energy from lower to higher Kelvin-wave numbers with- 
out dissipation (pure Kelvin-wave cascade) up to very 
high wave numbers, at which the energy ultimately dis- 
sipates via phonon radiation. Following this scenario, 
Kozik and Svistunov^ derived the Kelvin-wave cascade 
from the Boltzmann equation taking into account scatter- 
ing of three kelvons (six- wave interaction). The processes 
involving less kelvons are forbidden by the conservation 



laws of energy and momentum. However, Laurie et al— 
(see also L'vov and Nazarenko— ) challenged this theory 
arguing that relevant integrals determining the energy 
flux diverge, if one of k, which determine vertices in the 
Boltzmann equation, goes to zero and vertices depend 
on this small k linearly. This means failure of the cen- 
tral assumption of the cascade concept: locality. They 
suggested a modified cascade scenario treating a long- 
wavelength mode as a quasistatic field, which allows four- 
wave interaction with large k, since the long- wavelength 
mode lifts restrictions imposed by the conservation laws. 
They concluded that despite failure of the locality as- 
sumption the spectrum in the new cascade is universal. 
Kozik and Svistuno\*ii pointed out that symmetry with 
respect to rotations of the vortex line around the axis 
normal to the line (tilt symmetry) rules out linear de- 
pendence of any physically meaning quantity on a mode 
with very small k, because the latter is equivalent to tilt- 
ing of the coordinate axis. So the correct asymptote at 
small k must be not k but fc 2 , which corresponds to de- 
pendence on the vortex-line curvature (instead of the de- 
pendence on a tilt angle). This controversy led to vivid 
discussion^—. Lebedev et aZi 12 ' 14 and Boue et al^ in- 
sisted that linear dependence on k is not forbidden by 
symmetry, since tilt symmetry is broken globally, i.e. by 
boundary conditions at very long scales. 

The difference between the cascade power-law expo- 
nents predicted by the two approaches was not so big 
(power-law exponent 3.4 vs. 3.67 for distribution of 
kelvons in the k space), especially keeping in mind dif- 
ficulties in accurate extraction of the exponent from nu- 
merical and physical experiments. But it is the case when 
the source of disagreement is much more important than 
disagreement itself. The dispute is about the fundamen- 
tal of non-linear vortex dynamics: what is proper sym- 
metry and how it manifests itself. Moreover, the absence 
of locality must lead to dramatic consequences for non- 
linear Kelvin wave dynamics. 

In general, one cannot exclude a chance that in the ab- 
sence of locality broken symmetry at long scales breaks 
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also symmetry at short scales, and the boundary con- 
ditions affect symmetry of an infinitely long system in 
the thermodynamic limit as L'vov et al. believe. How- 
ever, there is a logical vicious circle here. By believing 
that global symmetry wins out over local symmetry (i.e., 
symmetry of the hamiltonian), L'vov et al. assume the 
absence of locality, while locality can be absent only if 
local tilt symmetry is overcome by lower global symme- 
try. The way out from the circle is first to forget about 
possible effect of global symmetry. The latter can enter 
into the game only if local symmetry cannot guarantee lo- 
cality. This justifies reassessment of implications of local 
tilt symmetry for the problem of non-linear Kelvin waves 
undertaken in this paper. The analysis focuses on some 
aspects, which were not addressed in former debates^ - — 

The paper analyzes the effect of truncation of the 
hamiltonian on its tilt symmetry. Although truncation 
always breaks tilt symmetry, after a proper truncation 
symmetry is broken only in terms beyond accuracy of 
the truncation. It is argued that truncation undertaken 
by L'vov et al. is not of this kind. Therefore, their chal- 
lenge of the locality assumption is not reliable, being in a 
conflict with local symmetry. Further, the paper consid- 
ers the Kelvin wave of arbitrary amplitude, which has an 
exact solution in the local-induction approximation, and 
therefore the problem of truncation and renormalization 
of expansion series is eliminated. Nevertheless, the spec- 
trum of the non-linear Kelvin wave depends on the tilt 
of the vortex line towards an axis, with respect to which 
displacements of the vortex line are measured. One could 
consider this as vindicating the view of L'vov et al. who 
noticed evidence of this effect in the perturbation-theory 
expansion^. However, the effect reflects the trivial geo- 
metrical fact that the Kelvin wavelength along the vortex 
line does not coincide with its projection on an axis arbi- 
trarily tilted to the unperturbed vortex line. In a sense it 
is an analogue of the Doppler effect: the wave spectrum 
depends on the coordinate frame in which it is observed, 
despite physical equivalence of all frames. But a real 
physical process cannot appear in one frame and disap- 
pear in another. The mechanism of L'vov et al. is absent 
in the coordinate frame with the axis coinciding with the 
average position of the vortex line, in which average vor- 
tex displacement and tilt are absent. This would be a 
mystery if the mechanism revived in any other frame. 

Both competing approaches assumed weak non- 
linearity and considered kelvon interactions of the low- 
est possible order. There were a number of numerical 
simulations for the Kelvin-wave cascade but they could 
not resolve the controversy supporting either this or that 
stance or being in disagreement with the both. The paper 
suggests that a variety of exponents revealed in simula- 
tions is because the assumption of weak non-linearity is 
not valid everywhere in the Kelvin- wave cascade interval, 
and the value of the exponent can depend on the energy 
input into the cascade. The scaling-based derivation of 
the exponent^ was generalized on the case of n-kelvon in- 
teraction, which yielded an interval of possible exponents. 



Most of exponents obtained in numerical simulations lie 
in this interval. 

The last topic of the present paper is the crossover 
from the classical Kolmogorov cascade to the quantum 
Kelvin-wave cascade, which was also vividly argued in 
the literature. The paper revises the conditions for the 
crossover and suggests a scenario using only a single scale: 
tangle scale Iq- This scenario is simpler than those dis- 
cussed earlier, does not encounter with the problem of 
the mismatch of energy distributions at the crossover, 
and does not require a broad intermediate interval be- 
tween the two cascades dependent on parameters other 
than Iq. 



II. TILT-SYMMETRY AND TRUNCATION OF 
THE SERIES EXPANSION OF THE 
KELVIN- WAVE HAMILTONIAN 

In an attempt to demonstrate primacy of global sym- 
metry over local symmetry, Lebedev and L'vov— con- 
sidered the vortex line length, which is a hamiltonian 
for the vortex line in the local-induction approximation. 
Here we revise the analysis by Lebedev and L'vov— ar- 
riving at new conclusions. Even though a cascade in the 
local-induction approximation is impossible, studying of 
symmetry in this model is much simpler but still relevant 
for the Bio-Savart dynamics allowing the Kelvin-wave 
cascade. 

The vortex-line length is given by the functional 



L = 




(1) 



where u(x,y) is a two-dimensional displacement vector 
in the xy plane. In the local-induction approximation 
the canonical Hamiltonian equations of motion are 
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where v s = kA/Att is the line-tension parameter, k is the 
circulation quantum, A = In (r m /r c ) is a large logarith- 
mic factor, r c is the vortex core radius, and r m is the 
scale cutting off the velocity field ~ 1/r at large r (the 
curvature radius, or the intervortex distance). The func- 
tional ([I]) and the equations of motion ([2]) are invariant 
with respect to a tilt of the vortex axis resulting from 
rotation around the axis y through the angle <p: 



x — x cos t 
z — x sin < 



z sin q 
z cos < 



(3) 



But any truncation of the series expansion of the func- 
tional, such as 
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does not respect tilt symmetry. Let us write down the 
truncated functional Eq. Q after rotation keeping only 
terms linear in the rotation angle <j> and assuming for the 
sake of simplicity that the vortex line lies in the xz plane 
(y = 0): 



L = 
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dz.(5) 



The terms in square brackets show the zero-order, the 
quadratic and the quartic terms of Eq. (j4|) after rota- 
tion, which includes also transformation of the integral 
variable: dz = [1 — <p{dx / dz)]dz . Any such term is not 
tilt-invariant, but if one keeps terms up to the quadratic 
one, only the higher-order term oc (j>(dx/dz) 3 breaks tilt 
symmetry, whereas keeping terms up to quartic, sym- 
metry is broken by the higher-order term oc <ft(dx/dz) 5 . 
Thus, although truncation of the tilt-invariant hamilto- 
nian breaks tilt invariance, symmetry is broken only by 
higher-order terms, which are beyond accuracy of the ap- 
proximation. Estimating the order of terms, one should 
take into account that the tilt angle may be considered 
as the Kelvin mode in the limit of zero wave number k: 
<j) r~j ka, where a is the amplitude of displacement pro- 
duced by the Kelvin wave [see Eq. (J7]) below] . Thus the 
terms oc <fi(dx/dz) 3 and oc (p(dx/dz) 5 breaking tilt sym- 
metry are of the 4th and the 6th order in the Kelvin mode 
amplitude, respectively. 

This provides an indication that the model of L'vov et 
al. violates tilt symmetry. In their analysis they used 
the so-called local nonlinear equation corresponding to 
the hamiltonian 
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which looks to be not tilt-invariant. However, the dis- 
placement u is not a true displacement u, but is obtained 
from the latter by some nonlinear transformation, and 
therefore the rule of its transformation at axis rotation 
is not self-evident. On the other hand, Laurie et al.— 
pointed out that this hamiltonian is isomorphic to the 
hamiltonian in the truncated local-induction approxima- 
tion given (up to a constant factor) by Eq. (Q} . We have 
shown that this hamiltonian contains the 6th order terms 
violating tilt symmetry. Since the main contribution to 
Kelvin- wave dynamics comes from the 6th order terms, 
the hamiltonian used by L'vov et al. violates tilt symme- 
try. 



III. TILT-SYMMETRY WITHOUT 
TRUNCATION AND BROKEN 
TILT-SYMMETRY OF THE SPECTRUM OF THE 
KELVIN WAVE 

Because of problems with tilt symmetry of truncated 
hamiltonians, it is useful to check tilt symmetry for a 
Kelvin wave of arbitrary amplitude, which has an ex- 
act solution without any truncation of the original tilt- 
invariant hamiltonian. A monochromatic Kelvin wave 
propagating along the axis z in the original coordinate 
frame is 



x = a cos(fcz — tot), y — a sin(fcz — Lot). 



(7) 



It exactly satisfies the equations of motion @, if the 
frequency is given by 



v s k 2 



Vl + a 2 k 2 



(8) 



A vortex line with a high-amplitude Kelvin wave is a 
helical vortex, which was actively investigated in classical 
and superfluid hydrodynamic a 16 i 17 . 

Now let us transform the Kelvin wave in Eq. ([7]) to the 
tilted coordinate frame: 



Ax = 



y 



a l kz 
■ cos 
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kz 
cos d 



tot — kAx sin < 



Lot — kAx sin ( 



(9) 



Here Ax — x + z tan ^ is a displacement produced by 
the Kelvin wave with respect to the line i = — ztanci (a 
vortex line undisturbed by the Kelvin wave). 

Even a weak Kelvin wave, when one may neglect the 
term oc Ax in arguments of trigonometric functions, is 
essentially different from that in the original coordinate 
frame: the wave is elliptically but not circularly polar- 
ized, and the wave number k transforms to kj cos</>. So 
the value of k depends on the choice of the coordinate sys- 
tem. This dependence directly follows from the geometry 
of the problem: the period 2n/k of the wave along the 
vertical axis in the original coordinate frame is by a fac- 
tor 1 / cos (f> longer than the period along the tilted axis 
(Fig. [!}. If the wave is non- linear and the term oc Aa; in 
arguments becomes important, the wave is not harmonic 
anymore and subharmonics appear in the k space. In 
summary, tilting of the axis affects distribution in the k 
space. 

Lebedev et al.— revealed evidence of this effect in the 
series expansion in the k space and called it the nonlinear 
shift of the Kelvin wave frequency with the wave of small 
k. They argued that this was a nontrivial observable 
physical effect, which supported their stance. Without 
arguing observability of the effect, I would prefer to call 
it a visual rather than physical effect, which has noth- 
ing to do with the global symmetry at the border. It 
originates from not the most optimal choice of the coor- 
dinate axis. In reality nothing happened with the original 



4 



z 




FIG. 1. Kelvin wave in the coordinate frame with the z axis 
along an unperturbed straight vortex line and in the rotated 
coordinate frame with the z axis tilted to the original z axis by 
the angle <f>. The spatial periods 2it/k and 2n/k are different 
in the two frames. 



Kelvin wave physically and its frequency was not shifted, 
but the wavelength of the mode was measured by a differ- 
ent spatial scale. One can directly check with the equa- 
tion of motion that the relation §§§ for a frequency for a 
nonlinear wave is valid after transformation to the tilted 
coordinate frame after scaling of k, i.e., replacing it with 
k = k/ cos <p. 

Scaling of k does not affect the Kelvin- wave exponent, 
the latter being the same in the k and the k space. The 
mechanism of L'vov et al. originates from the quasistatic 
Kelvin mode, which in the limit of small k equivalent to 
a tilt <fi ~ ka of the z axis. The tilt can be removed by 
transformation to another coordinate frame, in which the 
mechanism disappears. It is impossible to imagine how a 
real physical mechanism of kelvon interaction resurrected 
simply by tilting the coordinate axis. Unfortunately it is 
very difficult to check this by explicit calculations. Boue 
et al.— reported that they took into account 72(!) terms 
of the sixth order in their calculation. If one also con- 
sidered other 6th-order contributions as discussed in the 
previous section, this number would be essentially more. 
But this is exactly a situation in which benefits of the 
symmetry approach can be exploited. If symmetry re- 
quires that some contribution must vanish, one may be- 
lieve this even without lengthy calculation. 

The dependence of the Kelvin-wave spectrum on the 
tilt angle between the vortex line and an arbitrary chosen 



coordinate axis is similar to the Doppler effect. But an 
essential difference between them is that in the Doppler 
effect transition to another coordinate system changes 
frequency without affecting wavelength, while tilting of 
the coordinate axis changes wavelength without affecting 
frequency. 



IV. THE EFFECT OF STRONG KELVON 
INTERACTION ON THE EXPONENT OF THE 
KELVIN- WAVE CASCADE 

The assumption of locality being not discredited, it is 
worthwhile to address another assumption also used at 
derivation of the Kelvin-wave cascade. Calculating the 
energy flux in the ID k space, Kozik and Svistunov 18 
(as well as L'vov et al.), assumed that the non-linearity of 
the waves is weak and the first non-trivial collision term 
in the perturbation theory (six-waves interaction) deter- 
mines the dynamics of the Kelvin-wave cascade. Kozik 
and Svistunov 18 1 19 stressed that it is asymptotically ex- 
act in the limit of high wave numbers, or inverse length 
scales. However, the interval of the Kelvin- wave cascade 
in the k space extends to lower wave numbers where the 
parameter of the perturbation theory is not small, and 
one may expect that the higher-order terms can be im- 
portant as well, or even more important. In order to 
check possible consequences of this, one may generalize 
the scaling estimation of Kozik and Svistunov 8 for for 3- 
kelvon interaction on the case when n kelvons participate 
in the collision. 

Let us introduce the intensity of the Kelvin mode 
m{k) = |tt(fc)| 2 , where u(k) is the Fourier component 
of the displacement expansion u(z) = L~ 1//2 ^2u(k)e lkz 

k 

for the vortex line of length L. The intensity m(fc) is 
proportional to the occupation number of kelvons and 
has dimensionality cm 3 . The structure of the term in the 
Boltzmann equation for variation of m(k) in time taking 
into account the n-kelvon interaction is 

rh(k) = 2J V(ki 7 k 2 , ...k 2n )m(ki)m(k 2 ) ...m(k 2n -i) , 
{fc»} 

(10) 

where summation over {ki} is summation over 2n — 1 
wave numbers not equal to k, while one argument for the 
vertex V(ki,k 2 , ...k 2n ) must coincide with k. The vertex 
describes the interaction between n Kelvin modes and 
contains 5- functions 5{k\ + k 2 + ... + k 2n ) and 5(u>i + 
lu 2 + ... + uj 2n ) providing the conservation laws of energy 
and momentum 8 -. The assumption of locality requires 
that all relevant k are of the same order, and a proper 
dimensionality is provided if 

K l,6n-i 

m(k) — m(fc) 2 "- 1 . (11) 

The large logarithm A appears from scaling of 6(^2 
by ~ 1/nkk 2 . This scaling estimation allows to es- 
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timate the energy flux in the space of ID wave numbers: 



dE _ _ pn AL 
~dt ~ 4vr 

pn 3 L 

ill 



dk' fc' 2 m(fc') 



m(k) 



2n-l ;„6n-l 



(12) 



where p is the 3D mass density. The cascade scenario 
assumes that the energy flux does not depend on k. The 
energy is calculated per unit volume, and the length L is 
on the order of C ~ 1/Zq. Eventually one obtains that 



m(fc) 



-~r 2 

£L 

pn 3 



(13) 



For n — 2 one obtains the distribution fc -11 / 3 of L'vov 
et al. while n = 3 corresponds to the distribution 
fc -17 / 5 = fc~ 3,4 of Kozik and Svistunov. If non-linearity is 
strong the case of large n is expected and the distribution 
approaches to the law fc -3 . Earlier the law fc -3 was ob- 
tained from different but also dimensional argument o 2 ' 20 . 

So one should not expect an universal power law in 
the Kelvin-wave cascade, which may depend on power 
input into the cascade. Putting aside the scenario by 
L'vov al. as problematic from the symmetry point of 
view, the power laws between k~ 3A and fc~ 3 are pos- 
sible. The latter limit was apparently realized in com- 
puter simulation by Vinen et al.—, while numerical sim- 
ulations by Baggaley and Barenghi— revealed the power 
laws from fc~ 3 - 21 to fc~ 31 . On the other hand, Kozik 
and Svistunov 22 ' 23 numerically confirmed the power law 
fc -34 . At the same time, Fig. 2 of Kozik and Svistunov 22 
shows smooth transformation of the law fc -3 ' 4 at high k 
to the law fc -3 at low fc. But the authors related the 
area of the law fc -3 with initial conditions of their sim- 
ulation and considered it as a transient law, which must 
eventually transform at longer times to the law fc -3 4 . 
Meanwhile, the present analysis suggests that the law 
fc -3 is not transient but would persist at longer times 
since at low k the Kelvin- wave amplitudes grow and be- 
come non-linear. Additional simulations are needed in 
order to resolve, which interpretation is true. 

All these laws are within the expected interval. In the 
light of our discussion of symmetry it is important that 
in numerical simulations of the Kelvin- wave cascade one 
used the equations of motion respecting tilting symmetry. 
The Bio-Savart law satisfies this condition. On the other 
hand, Boue et al— received their power law fc -11 / 3 — 
£,-3.67 usm g the truncated Hamiltonian violating tilting 
symmetry (see Sec. [II]). Naturally one should not expect 
that their simulation results respect this symmetry. 



V. CROSSOVER BETWEEN THE 
KOLMOGOROV CASCADE AND THE 
KELVIN- WAVE CASCADE 

An interesting question, which was also vividly dis- 
cussed, is how a crossover between the classic Kol- 
mogorov cascade and the quantum Kelvin-wave cascade 



may occur. The crossover is expected at scales around Iq. 
Let us compare the energy densities of the Kolmogorov 
cascade and the Kelvin- wave cascade extrapolated to the 
crossover scale io- For the Kolmogorov cascade the en- 
ergy density in the k space is 



e(fc) - p 



/ \ 2/3 



where 



dE 
~dt 



pv(lf 
l 



(14) 



(15) 



is the energy flux in the fc space, and v(l) is the veloc- 
ity obtained from averaging over the scales smaller than 
I ~ 1/fc. A proper energy density in the Kelvin- wave 
cascade is the kinetic-energy density pK 2 C/k = pn 2 /kl^ 
in the fc space related with the superfluid velocity in- 
duced by the vortex tangle of the length C. This is the 
energy distribution for a straight vortex line, which re- 
tains also for a vortex tangle as demonstrated analytically 
and numerically 24 ' 25 Its extrapolation to k ~ yields 
pn 2 /lo, which is of the same order as the Kolmogorov- 
cascade energy density extrapolated to fc ~ 1/Zq from 
smaller fc if the energy flux is 



pKT 
'o 



(16) 



The same energy flux provides continuity of the vorticity 
at the crossover as was pointed out by L'vov et al.—. 

It is necessary to check, up to what long scales can 
one use the theory of the Kelvin wave cascade. For ad- 
dressing this issue, let us estimate total elongation AC of 
the tangled vortex line in the Kelvin- wave cascaded It is 
given by the integral 



AC~C 



l/*o 



k 2 m(k)dk ~ C 



K 3 p 



(17) 



Here Eq. (|T3|) was used. In the Kelvin- wave cascade the 
elongation AC must not exceed the length C of the tan- 
gle. Otherwise displacements induced by Kelvin modes 
are larger that the intervortex distance io- This signalizes 
a leading role of reconnections, which invalidate the con- 
ditions for the pure Kelvin-wave cascade. Equation p7|) 
shows that the condition AC ~ C is reached at the scale 
lo if the energy flux is given by Eq. (1161) independently 
from the number n of kelvons in collisions. Thus the 
Kelvin-wave cascade theory can be used up to the scale 
/q, and one has a coherent picture of the crossover gov- 
erned by the single scale lo- 
in, the past more complicated scenarios of the crossover 
were suggested. L'vov et al.—^L argued that the 
crossover is impeded by mismatch of the energy distri- 
butions on the two sides of the crossover, and developed 
the theory of the crossover taking the bottleneck into ac- 
count. However, the bottleneck problem arose because 
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L'vov et al.—£± tried to match the Kolmogorov-cascade 
energy density Eq. (|14p with the energy density in the 
Kelvin-wave cascade in the ID k space. The latter is de- 
termined by the Kelvin-wave distribution m(k) given by 
Eq. (fT3|) and is equal to 

e kw ~ Ap« 2 £fc 2 m(fc) ~ ( ^) fe"^. (18) 

At fc ~ 1/Z and e given by Eq. (fltl)) . this yields eu w ~ 
ApK 2 /lo, which by a large logarithm factor A exceeds 
the Kolmogorov-cascade energy density extrapolated to 
the same scale. However, these two energy distributions 
must not match each other because they are determined 
in different k spaces<£ The energy density e kw includes 
also the energy of very high Fourier components of the 
3D velocity field induced by the vortex tangle at very 
short scales close to the core radius r c . That is why ek w 
is proportional to A and has no counterpart in the theory 
of the Kolmogorov cascade, which ignores singularity of 
the liquid velocity at vortex lines and uses the energy 
distribution over the modulus k of the 3D wave vector 
k related with the 3D velocity field. The counterpart 
of the Kolmogorov energy in the Kelvin- wave cascade is 
the kinetic energy of the velocity induced by the vortex 
tangle, which is also determined in the 3D k space. As 
demonstrated above, there is no mismatch between these 
two counterparts. 

Another picture of the crossover was suggested by 
Kozik and Svistunov—, who believed that the Kol- 
mogorov cascade becomes invalid at the scale l c ~ IqA 1 ^ 2 
essentially longer than Iq. So there is an intermediate 
range of scales much longer than lo, where neither the 
Kolmogorov, nor the Kelvin- wave cascade is valid. Kozik 
and Svistunov— determined the scale l c from the condi- 
tion that within the interval I > l c of the Kolmogorov 
cascade the liquid velocity should exceed the vortex ve- 
locity kA/1 induced by the vortex line with curvature 
radius ~ I. The condition puts in two questions. First, 
it ignores that the velocity induced by a curved vortex 
line segment of large curvature radius I can be much lower 
than kA/1 (or even be of opposite sign) because of Kelvin 
modes excited at scales much smaller than I. This effect 
was revealed analytically and numerically for a helical- 
vortex ring, i.e., for a ring with a strong Kelvin wave 
around the ring i 17 ' 28 i 29 Second, the condition is imposed 



on the velocity of a singular vortex line, and it is not 
clear whether its violation can affect the energy distribu- 
tion in the k space of the continuous velocity field, which 
the theory of the Kolmogorov cascade addresses. 

Summarizing, the previously suggested scenarios of the 
crossover, being more complicated, do not look more reli- 
able than our scenario governed self-consistently only by 
the single scale Iq. Additional scales in the previous sce- 
narios appeared due to large logarithm factor A, which 
results from the ultraviolet divergence at high k in the 
velocity field induced by the vortex line. However, follow- 
ing the spirit of locality assumption, which excludes the 
effect of low k on the cascade, it is not evident why very 
high k must affect the processes in the cascade either. 

VI. CONCLUSIONS 

In summary, the conclusion of the present analysis is 
that although the spectrum of Kelvin waves does depend 
on the choice of the coordinate frame in which the Kelvin 
wave is investigated (the effect similar to the Doppler ef- 
fect in moving media) , the mechanism of the Kelvin- wave 
cascade must be tilt- invariant, i.e., invariant with respect 
to rotation of the axis along which the unperturbed vor- 
tex line presumably located. Therefore, the mechanism, 
which violates this invariance, is not credible and appar- 
ently does not collect all symmetry-breaking terms in the 
series expansion, which eventually must cancel. The pa- 
per attracts attention to the fact that the assumption of 
weak non-linearity used in previous theoretical studies is 
not always valid and estimates how it can change the val- 
ues of the cascade exponent. Finally, the paper suggests a 
simple scenario of the crossover between the classical Kol- 
mogorov and the quantum Kelvin-wave cascades, which 
does not encounter with any problem of mismatch or bot- 
tleneck at the crossover and does not require introduction 
of a broad intermediate interval between the cascades. 
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